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✐♥t❡r♣r❡t t❡r♠s ♦❢ t②♣❡ Nat ❜② s♦✲❝❛❧❧❡❞ ❧❛③② ♥❛t✉r❛❧ ♥✉♠❜❡rs✳
❙tr✉❝t✉r❡ ♦❢ t❤❡ ♣❛♣❡r✳ ❲❡ ✜rst ♣r♦✈✐❞❡ ❛ q✉✐❝❦ s✉r✈❡② ♦❢ t❤❡ ❡ss❡♥t✐❛❧ ❞❡✜♥✐t✐♦♥s
❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ ✜♥✐t❡♥❡ss s♣❛❝❡s ✇❡ s❤❛❧❧ ✉s❡✱ ❛♥❞ ✐♥tr♦❞✉❝❡ t❤❡ ❝❛t❡❣♦r✐❡s Fin
❛♥❞ Fin!✳ ❲❡ t❤❡♥ ♠❛❦❡ ❡①♣❧✐❝✐t t❤❡ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ t②♣❡❞ λ✲❝❛❧❝✉❧✐
✐♥ Fin!✱ ❛♥❞ ♣r❡s❡♥t t❤❡ ✜♥✐t❡♥❡ss s♣❛❝❡ Nl ♦❢ ❧❛③② ♥❛t✉r❛❧ ♥✉♠❜❡rs t♦❣❡t❤❡r
✇✐t❤ s♦♠❡ ✜♥✐t❛r② r❡❧❛t✐♦♥s ✉s❡❢✉❧ ✐♥ ❧❛t❡r ❝♦♥str✉❝t✐♦♥s✳ ❲❡ ♣r♦✈❡ t❤❛t Fin! ✐s ❛
♠♦❞❡❧ ♦❢ s②st❡♠ T ✱ ❜② s❤♦✇✐♥❣ t❤❛t ❧❛③② ♥❛t✉r❛❧ ♥✉♠❜❡rs ❢♦r♠ ❛ ✇❡❛❦ ♥❛t✉r❛❧
♥✉♠❜❡r ♦❜❥❡❝t✿ ❢♦r ❛❧❧ ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ ✇❡ ❞❡✜♥❡ ❛ ✜♥✐t❛r② r❡❧❛t✐♦♥ IA ♦❢ t②♣❡
Nl⇒ (A⇒A)⇒A⇒A✱ ✇❤✐❝❤ ♦❜❡②s t❤❡ ❡q✉❛t✐♦♥s ♦❢ ❛♥ ✐t❡r❛t♦r✳ ❲❡ ❛❝t✉❛❧❧②
❝♦♥s✐❞❡r t❤❡ str♦♥❣❡r ✈❡rs✐♦♥ ♦❢ s②st❡♠ T ✇✐t❤ ❛ r❡❝✉rs✐♦♥ ♦♣❡r❛t♦r ❛♥❞ s❤♦✇
t❤❛t Fin! ❛❞♠✐ts ❛♥ ✐♥t❡r♥❛❧ r❡❝✉rs♦r RA ❢r♦♠ ✇❤✐❝❤ IA ✐s ❞❡r✐✈❡❞✳ ❍❡♥❝❡ t❤❡
❛❧❣♦r✐t❤♠✐❝ ❡①♣r❡ss✐✈✐t② ♦❢ Fin! t✉r♥s ♦✉t t♦ ❜❡ q✉✐t❡ r✐❝❤✳ ❚❤❡ r❡❧❛t✐♦♥ RA ✐s
❜✉✐❧t ❛s t❤❡ ✜①♣♦✐♥t ♦❢ ❛ ✜♥✐t❛r② r❡❧❛t✐♦♥ StepA✱ ❜✉t s✐♥❝❡ t❤❡ ✜①♣♦✐♥t ♦♣❡r❛t♦r
✐s ♥♦t ✐ts❡❧❢ ✜♥✐t❛r②✱ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❡ ✜♥✐t❛r② ❛♣♣r♦①✐♠❛♥ts (StepnA(∅))n≥0
❡♥❥♦② ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s t♦ ❡♥s✉r❡ RA ✐s ✐ts❡❧❢ ✜♥✐t❛r②✳
✷ ❋✐♥✐t❡♥❡ss s♣❛❝❡s
❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✜♥✐t❡♥❡ss s♣❛❝❡s ❢♦❧❧♦✇s ❛ ✇❡❧❧ ❦♥♦✇♥ ♣❛tt❡r♥✳ ■t ✐s ❣✐✈❡♥ ❜②
t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥ ♦❢ ♦rt❤♦❣♦♥❛❧✐t②✿ a ⊥ a′ ✐✛ a ∩ a′ ✐s ✜♥✐t❡✳ ❚❤❡♥ ♦♥❡ ✉♥r♦❧❧s
❢❛♠✐❧✐❛r ❞❡✜♥✐t✐♦♥s✱ ❛s ✇❡ ❞♦ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛❣r❛♣❤s✳ ❋♦r ❛ ♠♦r❡ ❞❡t❛✐❧❧❡❞
♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ♣r♦♦❢s ♦❢ t❤❡ ♣r♦♣❡rt✐❡s✱ t❤❡ ♦❜✈✐♦✉s r❡❢❡r❡♥❝❡ ✐s ❬✶❪✳
▲❡t A ❜❡ ❛ s❡t✳ ❉❡♥♦t❡ ❜② P (A) t❤❡ ♣♦✇❡rs❡t ♦❢ A ❛♥❞ ❜② P❢ (A) t❤❡ s❡t
♦❢ ❛❧❧ ✜♥✐t❡ s✉❜s❡ts ♦❢ A✳ ▲❡t F ⊆ P (A) ❛♥② s❡t ♦❢ s✉❜s❡ts ♦❢ A✳ ❲❡ ❞❡✜♥❡
✶ ❚❤✐s ✏♠♦r❛❧✑ ❛r❣✉♠❡♥t ♠✐❣❤t s❡❡♠ ♦❜s❝✉r❡ t♦ t❤❡ r❡❛❞❡r ♥♦t ❢❛♠✐❧✐❛r ✇✐t❤ t❤❡ r❡❧❛✲
t✐♦♥❛❧ ♦r ❝♦❤❡r❡♥❝❡ s❡♠❛♥t✐❝s✳ ■t ✇✐❧❧ ❜❡ ♠❛❞❡ ❢♦r♠❛❧ ❧❛t❡r ✐♥ t❤❡ ♣❛♣❡r✳
t❤❡ ♣r❡✲❞✉❛❧ ♦❢ F ✐♥ A ❛s F⊥A = {a′ ⊆ A; ∀a ∈ F, a ∩ a′ ∈ P❢ (A)}✳ ■♥ ❣❡♥❡r❛❧
✇❡ ✇✐❧❧ ♦♠✐t t❤❡ s✉❜s❝r✐♣t ✐♥ t❤❡ ♣r❡✲❞✉❛❧ ♥♦t❛t✐♦♥ ❛♥❞ ❥✉st ✇r✐t❡ F⊥✳ ❋♦r ❛❧❧
F ⊆ P (A)✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♠❡❞✐❛t❡ ♣r♦♣❡rt✐❡s✿ P❢ (A) ⊆ F
⊥❀ F ⊆ F⊥⊥❀
✐❢ G ⊆ F✱ F⊥ ⊆ G⊥✳ ❇② t❤❡ ❧❛st t✇♦✱ ✇❡ ❣❡t F⊥ = F⊥⊥⊥✳ ❆ ✜♥✐t❡♥❡ss str✉❝t✉r❡
♦♥ A ✐s t❤❡♥ ❛ s❡t F ♦❢ s✉❜s❡ts ♦❢ A s✉❝❤ t❤❛t F⊥⊥ = F✳
❆ ✜♥✐t❡♥❡ss s♣❛❝❡ ✐s ❛ ❞❡♣❡♥❞❛♥t ♣❛✐r A = (|A| ,F (A)) ✇❤❡r❡ |A| ✐s t❤❡
✉♥❞❡r❧②✐♥❣ s❡t ✭t❤❡ ✇❡❜ ♦❢ A✮ ❛♥❞ F (A) ✐s ❛ ✜♥✐t❡♥❡ss str✉❝t✉r❡ ♦♥ |A|✳ ❲❡ t❤❡♥
✇r✐t❡ A⊥ ❢♦r t❤❡ ❞✉❛❧ ✜♥✐t❡♥❡ss s♣❛❝❡✿
∣∣A⊥∣∣ = |A| ❛♥❞ F (A⊥) = F (A)⊥✳ ❚❤❡
❡❧❡♠❡♥ts ♦❢ F (A) ❛r❡ ❝❛❧❧❡❞ t❤❡ ✜♥✐t❛r② s✉❜s❡ts ♦❢ A✳
❊①❛♠♣❧❡ ✶✳ ❋♦r ❛❧❧ s❡t A✱ (A,P❢ (A)) ✐s ❛ ✜♥✐t❡♥❡ss s♣❛❝❡ ❛♥❞ (A,P❢ (A))
⊥ =
(A,P (A))✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡❛❝❤ ✜♥✐t❡ s❡t A ✐s t❤❡ ✇❡❜ ♦❢ ❡①❛❝t❧② ♦♥❡ ✜♥✐t❡♥❡ss
s♣❛❝❡✿ (A,P❢ (A)) = (A,P (A))✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦✿ 0 = 0
⊥ =
(∅, {∅}) ❛♥❞ 1 = 1⊥ = ({∅} , {∅, {∅}})✳ ❲❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ✜♥✐t❡♥❡ss s♣❛❝❡
♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs N ❜②✿ |N | = N ❛♥❞ a ∈ F (N ) ✐✛ a ✐s ✜♥✐t❡✳ ❲❡ ✇r✐t❡
O = {0} ∈ F (N )✳
◆♦t✐❝❡ t❤❛t F ✐s ❛ ✜♥✐t❡♥❡ss str✉❝t✉r❡ ✐✛ ✐t ✐s ♦❢ t❤❡ ❢♦r♠ G⊥✳ ■t ❢♦❧❧♦✇s t❤❛t
❛♥② ✜♥✐t❡♥❡ss str✉❝t✉r❡ F ✐s ❞♦✇♥✇❛r❞s ❝❧♦s❡❞ ❢♦r ✐♥❝❧✉s✐♦♥✱ ❛♥❞ ❝❧♦s❡❞ ✉♥❞❡r
✜♥✐t❡ ✉♥✐♦♥s ❛♥❞ ❛r❜✐tr❛r② ✐♥t❡rs❡❝t✐♦♥s✳ ◆♦t✐❝❡ ❤♦✇❡✈❡r t❤❛t F ✐s ♥♦t ❝❧♦s❡❞
✉♥❞❡r ❞✐r❡❝t❡❞ ✉♥✐♦♥s ✐♥ ❣❡♥❡r❛❧✿ ❢♦r ❛❧❧ k ∈ N✱ ✇r✐t❡ k↓ = {j; j ≤ k} ∈ F (N )❀
t❤❡♥ k↓ ⊆ k′↓ ❛s s♦♦♥ ❛s k ≤ k′✱ ❜✉t
⋃
k≥0 k↓ = N 6∈ F (N )✳
▼✉❧t✐♣❧✐❝❛t✐✈❡s✳ ❋♦r ❛❧❧ ✜♥✐t❡♥❡ss s♣❛❝❡s A ❛♥❞ B✱ ✇❡ ❞❡✜♥❡ A⊗B ❜② |A ⊗ B| =
|A| × |B| ❛♥❞ F (A⊗ B) = {a× b; a ∈ F (A) , b ∈ F (B)}⊥⊥✳ ■t ❝❛♥ ❜❡ s❤♦✇♥
t❤❛t F (A⊗ B) = {c ⊆ |A| × |B| ; c|l ∈ F (A) , c|r ∈ F (B)}✱ ✇❤❡r❡ c|l ❛♥❞ c|r
❛r❡ t❤❡ ♦❜✈✐♦✉s ♣r♦❥❡❝t✐♦♥s✳
▲❡t f ⊆ A×B ❜❡ ❛ r❡❧❛t✐♦♥ ❢r♦♠ A t♦ B✱ ✇❡ ✇r✐t❡ f⊥ = {(β, α); (α, β) ∈ f}✳
❋♦r ❛❧❧ a ⊆ A✱ ✇❡ s❡t f · a = {β ∈ B; ∃α ∈ a, (α, β) ∈ f}✳ ■❢ ♠♦r❡♦✈❡r g ⊆ B ×
C✱ ✇❡ ❞❡✜♥❡ g ◦ f = {(α, γ) ∈ A× C; ∃β ∈ B, (α, β) ∈ f ∧ (β, γ) ∈ g}✳ ❚❤❡♥✱
s❡tt✐♥❣ A⊸B =
(
A⊗ B⊥
)⊥
✱ F (A⊸ B) ⊆ |A| × |B| ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❢♦❧❧♦✇s✿
f ∈ F (A⊸ B) ✐✛ ∀a ∈ F (A)✱ f · a ∈ F (B) ❛♥❞ ∀b ∈ F
(
B⊥
)
✱ f⊥ · b ∈ F
(
A⊥
)
✐✛ ∀a ∈ F (A)✱ f · a ∈ F (B) ❛♥❞ ∀β ∈ |B|✱ f⊥ · {β} ∈ F
(
A⊥
)
✐✛ ∀α ∈ |A|✱ f · {α} ∈ F (B) ❛♥❞ ∀b ∈ F
(
B⊥
)
✱ f⊥ · b ∈ F
(
A⊥
)
❚❤❡ ❡❧❡♠❡♥ts ♦❢ F (A⊸ B) ❛r❡ ❝❛❧❧❡❞ ✜♥✐t❛r② r❡❧❛t✐♦♥s ❢r♦♠ A t♦ B✳ ❇② t❤❡ ♣r❡✲
✈✐♦✉s ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ t❤❡ ✐❞❡♥t✐t② r❡❧❛t✐♦♥ idA = {(α, α); α ∈ |A|} ✐s ✜♥✐t❛r②✱
❛♥❞ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t✇♦ ✜♥✐t❛r② r❡❧❛t✐♦♥s ✐s ❛❧s♦ ✜♥✐t❛r②✳ ❖♥❡ ❝❛♥ t❤✉s ❞❡✜♥❡
t❤❡ ❝❛t❡❣♦r② Fin ♦❢ ✜♥✐t❡♥❡ss s♣❛❝❡s ❛♥❞ ✜♥✐t❛r② r❡❧❛t✐♦♥s✿ t❤❡ ♦❜❥❡❝ts ♦❢ Fin
❛r❡ ❛❧❧ ✜♥✐t❡♥❡ss s♣❛❝❡s✱ ❛♥❞ Fin(A,B) = F (A⊸ B)✳ ❊q✉✐♣♣❡❞ ✇✐t❤ t❤❡ t❡♥s♦r
♣r♦❞✉❝t ⊗✱ Fin ✐s s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧✱ ✇✐t❤ ✉♥✐t 1❀ ✐t ✐s ♠♦♥♦✐❞❛❧ ❝❧♦s❡❞ ❜② t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ⊸❀ ✐t ✐s ∗✲❛✉t♦♥♦♠♦✉s ❜② t❤❡ ♦❜✈✐♦✉s ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ A⊥
❛♥❞ A⊸ 1✳
❊①❛♠♣❧❡ ✷✳ ❙❡tt✐♥❣ S = {(k, k + 1); k ∈ N} ❛♥❞ P = {(k + 1, k); k ∈ N}✱ ✇❡
❤❛✈❡ S,P ∈ Fin(N ,N ) ❛♥❞ P ◦ S = idN ✳
❆❞❞✐t✐✈❡s✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❝❛rt❡s✐❛♥ str✉❝t✉r❡ ♦❢ Fin✳ ❲❡ ❞❡✜♥❡ A ⊕ B
❜② |A ⊕ B| = |A| ⊎ |B| ❛♥❞ F (A⊕ B) = {a ⊎ b; a ∈ F (A) , b ∈ F (B)} ✇❤❡r❡
⊎ ❞❡♥♦t❡s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ s❡ts✿ x ⊎ y = ({1} × x) ∪ ({2} × y)✳ ❲❡ ❤❛✈❡
(A⊕ B)⊥ = A⊥ ⊕ B⊥✳ ❚❤❡ ❝❛t❡❣♦r② Fin ✐s ❜♦t❤ ❝❛rt❡s✐❛♥ ❛♥❞ ❝♦✲❝❛rt❡s✐❛♥✱
✇✐t❤ ⊕ ❜❡✐♥❣ t❤❡ ♣r♦❞✉❝t ❛♥❞ ❝♦✲♣r♦❞✉❝t✱ ❛♥❞ 0 t❤❡ ✐♥✐t✐❛❧ ❛♥❞ t❡r♠✐♥❛❧ ♦❜❥❡❝t✳
Pr♦❥❡❝t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②✿
λA,B = {((1, α), α) ; α ∈ |A|} ∈ Fin(A⊕ B,A)
ρA,B = {((2, β), β) ; β ∈ |B|} ∈ Fin(A⊕ B,B)
❛♥❞ ✐❢ f ∈ Fin(C,A) ❛♥❞ g ∈ Fin(C,B)✱ ♣❛✐r✐♥❣ ✐s ❣✐✈❡♥ ❜②✿
〈f, g〉 = {(γ, (1, α)) ; (γ, α) ∈ f} ∪ {(γ, (2, β)) ; (γ, β) ∈ g} ∈ Fin(C,A⊕ B).
❚❤❡ ✉♥✐q✉❡ ♠♦r♣❤✐s♠ ❢r♦♠ A t♦ 0 ✐s t❤❡ ❡♠♣t② r❡❧❛t✐♦♥✳ ❚❤❡ ❝♦✲❝❛rt❡s✐❛♥ str✉❝✲
t✉r❡ ✐s ♦❜t❛✐♥❡❞ s②♠♠❡tr✐❝❛❧❧②✳
❊①❛♠♣❧❡ ✸✳ ❲r✐t❡ O⊥ = {(0, ∅)} ∈ Fin(N ,1)✳ ❚❤❡♥
〈
O⊥,P
〉
= {(0, (1, ∅))} ∪
{(k + 1, (2, k)); k ∈ N} ∈ Fin (N ,1⊕N ) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳
❊①♣♦♥❡♥t✐❛❧s✳ ■❢ A ✐s ❛ s❡t✱ ✇❡ ❞❡♥♦t❡ ❜②M✜♥ (A) t❤❡ s❡t ♦❢ ❛❧❧ ✜♥✐t❡ ♠✉❧t✐s❡ts ♦❢
❡❧❡♠❡♥ts ♦❢ A✱ ❛♥❞ ✐❢ a ⊆ A✱ ✇❡ ✇r✐t❡ a! = M✜♥ (a) ⊆M✜♥ (A)✳ ■❢ α ∈M✜♥ (A)✱
✇❡ ❞❡♥♦t❡ ✐ts s✉♣♣♦rt ❜② Supp(α) ∈ P❢ (A)✳ ❋♦r ❛❧❧ ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ ✇❡ ❞❡✜♥❡
!A ❜②✿ |!A| = M✜♥ (|A|) ❛♥❞ F (!A) =
{
a!; a ∈ F (A)
}⊥⊥
✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t
F (!A) =
{
a ⊆M✜♥ (|A|) ;
⋃
α∈a Supp(α) ∈ F (A)
}
✳ ❚❤❡♥✱ ❢♦r ❛❧❧ f ∈ Fin(A,B)✱
✇❡ s❡t
!f = {([α1, . . . , αn] , [β1, . . . , βn]) ; ∀i, (αi, βi) ∈ f} ∈ Fin(!A, !B),
✇❤✐❝❤ ❞❡✜♥❡s ❛ ❢✉♥❝t♦r✳ ◆❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s derA = {([α] , α); α ∈ |A|} ∈
Fin(!A,A) ❛♥❞ digA = {(
∑n
i=1 αi, [α1, . . . , αn]); ∀i, αi ∈ |!A|} ♠❛❦❡ t❤✐s ❢✉♥❝✲
t♦r ❛ ❝♦♠♦♥❛❞✳
❊①❛♠♣❧❡ ✹✳ ❲❡ ❤❛✈❡ ✐s♦♠♦r♣❤✐s♠s {([] , ∅)} ∈ Fin(!0,1) ❛♥❞{(
αl + βr,
(
α, β
))
; (αl, α) ∈ !λA,B ∧ (βr, β) ∈ !ρA,B
}
∈ Fin(!(A⊕ B), !A⊗ !B).
▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ ❤❛✈❡ ! (A1 ⊕ · · · ⊕ An) ∼= !A1 ⊗ · · · ⊗ !An✳
❆❧❧ t❤❡ ✉s✉❛❧ str✉❝t✉r❡ ♦❢ ♠♦❞❡❧s ♦❢ ♣r♦♣♦s✐t✐♦♥❛❧ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❧♦❣✐❝ ✐s ♥♦✇
✐♥tr♦❞✉❝❡❞✿ ♦♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t Fin ✐s ❛ ♥❡✇✲❙❡❡❧② ❝❛t❡❣♦r②✱ ❢♦❧❧♦✇✐♥❣ t❤❡ t❡r♠✐✲
♥♦❧♦❣② ♦❢ ❬✼❪✳
❚❤❡ ❝♦✲❑❧❡✐s❧✐ ❝♦♥str✉❝t✐♦♥✳ ❙✐♥❝❡ t❤❡ str✉❝t✉r❡ ✇❡ ❤❛✈❡ ❥✉st ❞❡s❝r✐❜❡❞ ♣r♦✈✐❞❡s
❛ ❞❡♥♦t❛t✐♦♥❛❧ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✱ t❤❡ ❝♦✲❑❧❡✐s❧✐ ❝♦♥str✉❝t✐♦♥ ❣✐✈❡s r✐s❡ t♦ ❛
❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t❡❣♦r②✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② Fin!✿ ♦❜❥❡❝ts ❛r❡ ✜♥✐t❡♥❡ss s♣❛❝❡s✱
✭❱❛r✮
Γ, x : A,∆ ⊢ x : A
✭❯♥✐t✮
Γ ⊢ 〈〉 : ⊤
a ∈ CA ✭❈♦♥st✮
Γ ⊢ a : A
Γ, x : A ⊢ s : B
✭❆❜s✮
Γ ⊢ λx s : A→ B
Γ ⊢ s : A→ B Γ ⊢ t : A ✭❆♣♣✮
Γ ⊢ s t : B
Γ ⊢ s : A Γ ⊢ t : B ✭P❛✐r✮
Γ ⊢ 〈s, t〉 : A×B
Γ ⊢ s : A×B
✭▲❡❢t✮
Γ ⊢ pil s : A
Γ ⊢ s : A×B
✭❘✐❣❤t✮
Γ ⊢ pir s : B
❋✐❣✳ ✶✳ ❘✉❧❡s ♦❢ t②♣❡❞ λ✲❝❛❧❝✉❧✐ ✇✐t❤ ♣r♦❞✉❝ts
❛♥❞ Fin!(A,B) = F (A⇒B)✱ ❢♦❧❧♦✇✐♥❣ ●✐r❛r❞✬s tr❛♥s❧❛t✐♦♥ ♦❢ ✐♥t✉✐t✐♦♥✐st✐❝ ✐♠✲
♣❧✐❝❛t✐♦♥ A⇒B = !A⊸B✳ ❚❤❡ ✐❞❡♥t✐t② ♠♦r♣❤✐s♠ ♦❢ Fin!(A,A) ✐s ❥✉st derA✳ ■❢
f ∈ !A⊸ B✱ t❤❡ ♣r♦♠♦t✐♦♥ ♦❢ f ✐s
f ! = !f ◦ digA =
{(
n∑
i=1
αi, [β1, . . . , βn]
)
; ∀i, (αi, βi) ∈ f
}
∈ !A⊸ !B.
■❢ f ∈ A⇒B ❛♥❞ g ∈ B ⇒ C✱ t❤❡✐r ❝♦♠♣♦s✐t✐♦♥ ✐♥ Fin! ✐s t❤❡♥ g • f = g ◦ f
!✳
❘❡♠❛r❦ ✶✳ ❘❡❝❛❧❧✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ A⊸ B ❛♥❞ !A✱ ✇❡ ❣❡t t❤❛t f ∈
F (A⇒B) ✐✛ ∀a ∈ F (A)✱ f · a! ∈ F (B) ❛♥❞ ∀β ∈ |B|✱ (f⊥ · {β}) ∩ a! ✐s ✜♥✐t❡✳
❚❤❡ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ Fin! ✐s ♦❢ ❝♦✉rs❡ ⊕✱ ✇✐t❤ ♣r♦❥❡❝t✐♦♥s pi
A,B
l = λA,B ◦
derA⊕B ❛♥❞ pi
A,B
r = ρA,B ◦ derA⊕B❀ ♣❛✐r✐♥❣ ✐s t❤❡ s❛♠❡ ❛s ✐♥ Fin✳ ❚❤❡ ✐s♦♠♦r✲
♣❤✐s♠ (A1 ⊕ · · · ⊕ An) ⇒ B ∼= A1 ⇒ · · · ⇒ An ⇒ A ❞❡❞✉❝❡❞ ❢r♦♠ ❊①❛♠♣❧❡ ✹
s✉❜s✉♠❡s t❤❡ ❛❞❥✉♥❝t✐♦♥ Fin!(A⊕B, C)
∼= Fin!(A,B⇒C)✳ ❆s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡✱
0 ⇒ A ∼= A ❛♥❞ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② ❛♥② ♠♦r♣❤✐s♠ f ∈ 0 ⇒ A ✇✐t❤ t❤❡ ✜♥✐t❛r②
s✉❜s❡t f · {[]} ∈ F (A)✳
✸ ❙❡♠❛♥t✐❝s ♦❢ t②♣❡❞ λ✲❝❛❧❝✉❧✐
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ Fin! ♦❢ t❤❡
❜❛s✐❝ ❝♦♥str✉❝t✐♦♥s ♦❢ t②♣❡❞ λ✲❝❛❧❝✉❧✐ ✇✐t❤ ♣r♦❞✉❝ts✳
❚②♣❡❞ λ✲❝❛❧❝✉❧✐✳ ▲❡t ❜❡ ❣✐✈❡♥ ❛ ❝♦❧❧❡❝t✐♦♥ A ♦❢ ❛t♦♠✐❝ t②♣❡s ❛♥❞ ❝♦♥s✐❞❡r t❤❡
t②♣❡ ❡①♣r❡ss✐♦♥s ❣✐✈❡♥ ❜②✿
A,B ::=X | A→ B | A×B | ⊤
✇❤❡r❡ X r❛♥❣❡s ♦✈❡r A✳ ❋♦r ❡❛❝❤ t②♣❡ A✱ t❤❡r❡ ❛r❡ ❝♦✉♥t❛❜❧② ♠❛♥② ❢♦r♠❛❧
✈❛r✐❛❜❧❡s ♦❢ t❤❛t t②♣❡✱ ❛♥❞ ❛❧s♦ ❛ ❝♦❧❧❡❝t✐♦♥ CA ♦❢ t❡r♠ ❝♦♥st❛♥ts ♦❢ t❤❛t t②♣❡✳
❚❤❡♥ t❡r♠ ❡①♣r❡ss✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②✿
s, t ::= x | a | λx s | s t | 〈s, t〉 | pil s | pir s | 〈〉
J❱❛rK
Γ [], x[α] : A,∆[] ⊢ xα : A
J❯♥✐tK
Γ [] ⊢ 〈〉∅ : ⊤
a ∈ CA α ∈ JaK
J❈♦♥stK
Γ [] ⊢ aα : A
Γ, xα : A ⊢ sβ : B
J❆❜sK
Γ ⊢ λx s(α,β) : A→ B
Γ0 ⊢ s
([α1,...,αk],β)
: A→ B Γ1 ⊢ t
α1
: A · · · Γk ⊢ t
αk
: A
J❆♣♣KPk
j=0 Γj ⊢ s t
β
: B
Γ ⊢ sα : A JP❛✐rlK
Γ ⊢ 〈s, t〉(1,α) : A×B
Γ ⊢ tβ : B JP❛✐rrK
Γ ⊢ 〈s, t〉(2,β) : A×B
Γ ⊢ s(1,α) : A×B
J▲❡❢tK
Γ ⊢ pil s
α
: A
Γ ⊢ s(2,β) : A×B
J❘✐❣❤tK
Γ ⊢ pir s
β
: B
❋✐❣✳ ✷✳ ❈♦♠♣✉t✐♥❣ ♣♦✐♥ts ✐♥ t❤❡ r❡❧❛t✐♦♥❛❧ s❡♠❛♥t✐❝s
❛♥❞ ✇❡ ❞❡✜♥❡ ❢r❡❡ ❛♥❞ ❜♦✉♥❞ ✈❛r✐❛❜❧❡s ❛s ✉s✉❛❧✳ ❲❡ ❞❡♥♦t❡ ❜② s [x := t] t❤❡
s✉❜st✐t✉t✐♦♥ ♦❢ t ❢♦r x ✐♥ s✳
❆ ❝♦♥t❡①t Γ ✐s ❛ ✜♥✐t❡ ❧✐st (x1 : A1, . . . , xn : An) ✇❤❡r❡ t❤❡ xi✬s ❛r❡ ♣❛✐r✇✐s❡
❞✐st✐♥❝t ✈❛r✐❛❜❧❡s ❛♥❞ Ai ✐s t❤❡ t②♣❡ ♦❢ xi✳ ❆ t②♣✐♥❣ ❥✉❞❣❡♠❡♥t ✐s ❛♥ ❡①♣r❡ss✐♦♥
Γ ⊢ s : A ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ r✉❧❡s ✐♥ ❋✐❣✉r❡ ✶✿ ✇❡ t❤❡♥ s❛② t❡r♠ s ✐s ♦❢ t②♣❡ A ✐♥
❝♦♥t❡①t Γ ✳ ❈❧❡❛r❧②✱ ✐❢ ❛ t❡r♠ s ✐s t②♣❛❜❧❡✱ t❤❡♥ ✐ts t②♣❡ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✱
s❛② A✱ ❛♥❞ t❤❡♥ Γ ⊢ s : A ✐✛ Γ ❝♦♥t❛✐♥s t❤❡ ❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ s✳
❚❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ ❛ t②♣❡❞ λ✲❝❛❧❝✉❧✉s ✐s ❣✐✈❡♥ ❜② ❛ ❝♦♥t❡①t✉❛❧
❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ≃ ♦♥ t②♣❡❞ t❡r♠s✿ ✐❢ s ≃ t✱ t❤❡♥ s ❛♥❞ t ❤❛✈❡ t❤❡ s❛♠❡
t②♣❡✱ s❛② A❀ ✇❡ t❤❡♥ ✇r✐t❡ Γ ⊢ s ≃ t : A ✇❤❡♥❡✈❡r Γ ❝♦♥t❛✐♥s t❤❡ ❢r❡❡ ✈❛r✐❛❜❧❡s
♦❢ s ❛♥❞ t✳ ■♥ ❣❡♥❡r❛❧✱ ✇❡ ✇✐❧❧ ❣✐✈❡ ≃ ❛s t❤❡ r❡✢❡①✐✈❡✱ s②♠♠❡tr✐❝ ❛♥❞ tr❛♥s✐t✐✈❡
❝❧♦s✉r❡ ♦❢ ❛ ❝♦♥t❡①t✉❛❧ r❡❧❛t✐♦♥ > ♦♥ t②♣❡❞ t❡r♠s✳ ❲❡ ❞❡✜♥❡ >0 ❛s t❤❡ ❧❡❛st
♦♥❡ s✉❝❤ t❤❛t✿ pil 〈s, t〉 >0 s✱ pir 〈s, t〉 >0 t ❛♥❞ (λx s) t >0 s [x := t] ✭✇✐t❤ t❤❡
♦❜✈✐♦✉s ❛ss✉♠♣t✐♦♥s ❡♥s✉r✐♥❣ t②♣❛❜✐❧✐t②✮✳ ❆♥❞ ✇❡ ✇r✐t❡ ≃0 ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❡q✉✐✈❛❧❡♥❝❡✳
❘❡❧❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ ✜♥✐t❡♥❡ss ♣r♦♣❡rt②✳ ❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ s✉❝❤ ❛
❝❛❧❝✉❧✉s ✐♥ Fin! ❣♦❡s ❛s ❢♦❧❧♦✇s✳ ❋✐rst ♦♥ t②♣❡s✿ ❛ss✉♠❡ ❛ ✜♥✐t❡♥❡ss s♣❛❝❡ JXK ✐s
❣✐✈❡♥ ❢♦r ❡❛❝❤ ❜❛s❡ t②♣❡ X❀ t❤❡♥ ✇❡ ✐♥t❡r♣r❡t t②♣❡ ❝♦♥str✉❝t✐♦♥s ❜② JA→ BK =
JAK⇒ JBK✱ JA×BK = JAK⊕ JBK ❛♥❞ J⊤K = 0✳ ❋✉rt❤❡r ❛ss✉♠❡ t❤❛t ✇✐t❤ ❡✈❡r②
❝♦♥st❛♥t a ∈ CA ✐s ❛ss♦❝✐❛t❡❞ ❛ ✜♥✐t❛r② s✉❜s❡t JaK ∈ F (JAK)✿ ✇❡ ❞❡✜♥❡ t❤❡
s❡♠❛♥t✐❝s ♦❢ ❛ ❞❡r✐✈❛❜❧❡ t②♣✐♥❣ ❥✉❞❣❡♠❡♥t x1 : A1, . . . , xn : An ⊢ s : A✱ ❛s ❛
✜♥✐t❛r② r❡❧❛t✐♦♥ JsKx1:A1,...,xn:An ∈ F (JA1K⇒ · · · ⇒ JAnK⇒ JAK)✳
❲❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ❞❡❞✉❝t✐✈❡ s②st❡♠ ♦❢ ❋✐❣✉r❡ ✷✳ ■♥ t❤✐s s②st❡♠✱ ❞❡r✐✈❛❜❧❡
❥✉❞❣❡♠❡♥ts ❛r❡ s❡♠❛♥t✐❝ ❛♥♥♦t❛t✐♦♥s ♦❢ t②♣✐♥❣ ❥✉❞❣❡♠❡♥ts✿
xα11 : A1, . . . , x
αn
n : An ⊢ s
α : A st❛♥❞s ❢♦r (α1, . . . , αn, α) ∈ JsKx1:A1,...,xn:An
✇❤❡r❡ ❡❛❝❤ αi ∈M✜♥ (|JAiK|) ❛♥❞ α ∈ |JAK|✳ ■♥ r✉❧❡s J❱❛rK✱ J❯♥✐tK ❛♥❞ J❈♦♥stK✱
Γ [] ❞❡♥♦t❡s ❛♥ ❛♥♥♦t❛t❡❞ ❝♦♥t❡①t ♦❢ t❤❡ ❢♦r♠ x
[]
1 : A1, . . . , x
[]
n : An✳ ■♥ r✉❧❡ J❆♣♣K✱
t❤❡ s✉♠ ♦❢ ❛♥♥♦t❛t❡❞ ❝♦♥t❡①ts ✐s ❞❡✜♥❡❞ ♣♦✐♥t✇✐s❡✿ ✐❢ Γ = xα11 : A1, . . . , x
αn
n : An
❛♥❞ Γ ′ = x
α′
1
1 : A1, . . . , x
α′n
n : An✱ ✇❡ s❡t Γ + Γ
′ = x
α1+α
′
1
1 : A1, . . . , x
αn+α
′
n
n : An✳
❋✐♥❛❧❧② ✇❡ ❞❡✜♥❡ t❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ t❡r♠ ❛s t❤❡ s❡t ♦❢ ✐ts ❛♥♥♦t❛t✐♦♥s✿
JsKx1:A1,...,xn:An =
{
(α1, . . . , αn, α); x
α1
1 : A1, . . . , x
αn
n : An ⊢ s
α : A
}
.
■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t JsKx1:A1,...,xn:An ∈ F (JA1K⇒ · · · ⇒ JAnK⇒ JAK)✳
❘❡♠❛r❦ ✷✳ ❚❤❡ r✉❧❡s ♦❢ ❋✐❣✉r❡ ✷ ❛r❡ ❛❝t✉❛❧❧② t❤♦s❡ ♦❢ t❤❡ r❡❧❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✿
t❤✐s ✐s t❤❡ s❡♠❛♥t✐❝s ♦❢ t②♣❡❞ λ✲❝❛❧❝✉❧✐ ✐♥ t❤❡ ❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t❡❣♦r② Rel!✱
❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✐♥ t❤❡ ❝❛t❡❣♦r② Rel ♦❢ s❡ts
❛♥❞ r❡❧❛t✐♦♥s ✭s❡❡ t❤❡ ❆♣♣❡♥❞✐① ❆ ❢r♦♠ ❬✶❪ ❢♦r ✐♥st❛♥❝❡✮✳ ◆♦t✐❝❡ ✐♥❞❡❡❞ t❤❛t
t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ Fin ✭❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡
♠♦r♣❤✐s♠ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t♦rs✮ t❤❛t ♠❛❦❡ ✐t ❛ ♠♦❞❡❧ ♦❢ ❝❧❛ss✐❝❛❧
❧✐♥❡❛r ❧♦❣✐❝✱ ❛s ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✷✱ ❛r❡ ❢r❡❡ ❢r♦♠ ❛♥② r❡❢❡r❡♥❝❡ t♦ t❤❡ ✜♥✐t❡♥❡ss
str✉❝t✉r❡✿ t❤❡② ❛r❡ ❥✉st ✐♥tr♦❞✉❝❡❞ ❛s r❡❧❛t✐♦♥s ♦♥ ✇❡❜s✱ ❛♥❞ ✐t s✐♠♣❧② t✉r♥s ♦✉t
t❤❡② ❛r❡ ✜♥✐t❛r②✱ ✇❤❛t❡✈❡r ✜♥✐t❡♥❡ss str✉❝t✉r❡ ✇❡ ❝♦♥s✐❞❡r ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣
♦❜❥❡❝ts✳ ❚❤❡ ♦♥❧② r❡str✐❝t✐♦♥ ✇❡ ♠❛❦❡ ✐♥ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ λ✲❝❛❧❝✉❧✐ ✐s t❤❛t
JaK ∈ F (JAK) ❢♦r ❛❧❧ a ∈ CA✳
❚❤❡♦r❡♠ ✶ ✭❋✐♥✐t❡♥❡ss✮✳ ❚❤❡ s❡♠❛♥t✐❝s ♦❢ ❛ t②♣❡❞ t❡r♠ ✐s ✜♥✐t❛r②✿ ✐❢ x1 :
A1, . . . , xn : An ⊢ s : A t❤❡♥ JsKx1:A1,...,xn:An ∈ F (JA1K⇒ · · · ⇒ JAnK⇒ JAK)✳
Pr♦♦❢ ❚❤✐s ❤♦❧❞s ❞✐r❡❝t❧② ❜❡❝❛✉s❡ t❤❡ s❡♠❛♥t✐❝s ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ✐s ❥✉st
r❡♣❤r❛s✐♥❣ t❤❡ ✉s✉❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t②♣❡❞ λ✲❝❛❧❝✉❧✐ ✐♥ ❛ ❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t✲
❡❣♦r② ❬✺❪✱ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ Fin!✳ ◆♦t❛❜❧②✿ r✉❧❡s J❯♥✐tK✱ JP❛✐rlK✱ JP❛✐rrK✱
J▲❡❢tK ❛♥❞ J❘✐❣❤tK ♠❛t❝❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝❛rt❡s✐❛♥ str✉❝t✉r❡ ♦❢ Fin!❀ r✉❧❡s
J❆❜sK ❛♥❞ J❆♣♣K ♠❛t❝❤ t❤❡ ❛❞❥✉♥❝t✐♦♥ Fin!(Γ ⊕ A,B)
∼= Fin!(Γ,A ⇒ B) ❛♥❞
t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♠♣♦s✐t✐♦♥ ✐♥ Fin!✳
❋♦r t❤❡ r❡❛❞❡r ♥♦t ❢❛♠✐❧✐❛r ✇✐t❤ t❤✐s ❝♦♥str✉❝t✐♦♥✱ ❛ ❞✐r❡❝t ♣r♦♦❢ ✐s ❛❧s♦
♣♦ss✐❜❧❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t②♣✐♥❣ ❞❡r✐✈❛t✐♦♥s✳ ❚❤❡ ♦♥❧② ♥♦♥✲tr✐✈✐❛❧ ❝❛s❡ ✐s t❤❛t ♦❢
J❆♣♣K✱ ✇❤✐❝❤ ❡ss❡♥t✐❛❧❧② ❜♦✐❧s ❞♦✇♥ t♦ ❘❡♠❛r❦ ✶✳ 
❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❡r♠s ✇❡ ❤❛✈❡ ❥✉st ❞❡✜♥❡❞ ✐s ♦❢ ❝♦✉rs❡ ❛ ♠♦❞❡❧ ♦❢ ≃0
✇❤❛t❡✈❡r t❤❡ ❝❤♦✐❝❡ ♦❢ ❜❛s❡ t②♣❡s ❛♥❞ ❝♦♥st❛♥ts✳
❚❤❡♦r❡♠ ✷ ✭■♥✈❛r✐❛♥❝❡✮✳ ■❢ Γ ⊢ s ≃0 t : A t❤❡♥ JsKΓ = JtKΓ ✳
Pr♦♦❢ ❆❣❛✐♥✱ t❤✐s ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✇❡ ✉s❡❞ t❤❡ st❛♥❞❛r❞
tr❛♥s❧❛t✐♦♥ ♦❢ t②♣❡❞ λ✲❝❛❧❝✉❧✐ ✐♥ ❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t❡❣♦r✐❡s✳ ❆ ❞✐r❡❝t ♣r♦♦❢ ✐s ❛❧s♦
❡❛s②✿
✕ ✜rst s❤♦✇ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ s t❤❛t✱ ✐❢ Γ0, x : A
[α1,...,αk], ∆0 ⊢ s
β : B✱ ❛♥❞✱ ❢♦r
❛❧❧ j ∈ {1, . . . , k}✱ Γj , ∆j ⊢ t
αj : A✱ t❤❡♥
∑k
j=0 Γj ,
∑k
j=0 ∆j ⊢ s [x := t]
β
: B❀
✕ t❤❡♥ ❝❤❡❝❦ t❤❛t ❢♦r ❛ ❜❛s✐❝ r❡❞✉❝t✐♦♥ Γ ⊢ s >0 t : A✱ (α1, . . . , αn, α) ∈ JsKΓ
✐✛ (α1, . . . , αn, α) ∈ JtKΓ ✱ ✇❤✐❝❤ ✐s ❞✐r❡❝t ❜② t❤❡ r✉❧❡s ♦❢ ❋✐❣✉r❡ ✷ ❛♥❞ t❤❡
♣r❡✈✐♦✉s r❡s✉❧t ♦♥ s✉❜st✐t✉t✐♦♥❀
✕ ❝♦♥❝❧✉❞❡ ❜② ❝♦♥t❡①t✉❛❧✐t② ♦❢ t❤❡ s❡♠❛♥t✐❝s✳
◆♦t✐❝❡ t❤❛t t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ s❡♠❛♥t✐❝s ❤❛s ♥♦t❤✐♥❣ t♦ ❞♦ ✇✐t❤ t❤❡ ✜♥✐t❡♥❡ss
str✉❝t✉r❡✿ t❤❡ r❡s✉❧t ✐s ❛❝t✉❛❧❧② ❛ ♣r♦♣❡rt② ♦❢ t❤❡ r❡❧❛t✐♦♥❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦♥❧②✳
❊①❛♠♣❧❡s✳ ▲❡t ✉s ❝♦♥s✐❞❡r s♦♠❡ ♣❛rt✐❝✉❧❛r ❝❛❧❝✉❧✐✳ P✉r❡ t②♣❡❞ λ✲❝❛❧❝✉❧✐ ❛r❡ t❤♦s❡
✇✐t❤ ♥♦ ❛❞❞✐t✐♦♥❛❧ ❝♦♥st❛♥t ♦r ❝♦♥✈❡rs✐♦♥ r✉❧❡✿ ✜① ❛ s❡t A ♦❢ ❛t♦♠✐❝ t②♣❡s✱ ❛♥❞
✇r✐t❡ ΛA0 ❢♦r t❤❡ ❝❛❧❝✉❧✉s ✇❤❡r❡ CA = ∅ ❢♦r ❛❧❧ A✱ ❛♥❞ s ≃ t ✐✛ s ≃0 t✳ ❚❤✐s ✐s
t❤❡ ♠♦st ❜❛s✐❝ ❝❛s❡ ❛♥❞ ✇❡ ❤❛✈❡ ❥✉st s❤♦✇♥ t❤❛t ✜♥✐t❡♥❡ss s♣❛❝❡s ♠♦❞❡❧ ≃0✳ ❇❡
❛✇❛r❡ t❤❛t ✐❢ ✇❡ ✐♥tr♦❞✉❝❡ ♥♦ ❛t♦♠✐❝ t②♣❡✱ t❤❡♥ t❤❡ s❡♠❛♥t✐❝s ✐s ❛❝t✉❛❧❧② tr✐✈✐❛❧✿
✐♥ Λ∅0✱ ❛❧❧ t②♣❡s ❛r❡ ✐♥t❡r♣r❡t❡❞ ❜② 0 ❛♥❞ ❛❧❧ t❡r♠s ❜② t❤❡ ❡♠♣t② s❡t✳
❇② ❝♦♥tr❛st✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ✐♥t❡r♥❛❧ ❧❛♥❣✉❛❣❡ ΛFin ♦❢ Fin! ✐♥ ✇❤✐❝❤
❛❧❧ ✜♥✐t❛r② r❡❧❛t✐♦♥s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞✿ ✜① A ❛s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ ✜♥✐t❡♥❡ss
s♣❛❝❡s ❛♥❞ CA = F (JAK)✳ ❚❤❡♥ s❡t s ≃Fin t ✐✛ JsKΓ = JtKΓ ✱ ❢♦r ❛♥② s✉✐t❛❜❧❡
Γ ✳ ❚❤❡ ♣♦✐♥t ✐♥ ❞❡✜♥✐♥❣ s✉❝❤ ❛ ♠♦♥str♦✉s ❧❛♥❣✉❛❣❡ ✐s t♦ ❡♥❛❜❧❡ ✈❡r② ♥❛t✉r❛❧
♥♦t❛t✐♦♥s ❢♦r ✜♥✐t❛r② r❡❧❛t✐♦♥s✿ ✐♥ ❣❡♥❡r❛❧✱ ✇❡ ✇✐❧❧ ✐❞❡♥t✐❢② ❝❧♦s❡❞ t❡r♠s ✐♥ ΛFin
✇✐t❤ t❤❡ r❡❧❛t✐♦♥s t❤❡② ❞❡♥♦t❡ ✐♥ t❤❡ ❡♠♣t② ❝♦♥t❡①t✳ ■♥ t❤❛t ❝❛s❡✱ ✇❡ ♠✐❣❤t ♠❛❦❡
❡①♣❧✐❝✐t t❤❡ t②♣❡ ♦❢ ❜♦✉♥❞ ✈❛r✐❛❜❧❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ✇r✐t❡ λxA x = derA❀ ❛♥❞
✐❢ f ∈ Fin!(A,B) ❛♥❞ g ∈ Fin!(B, C)✱ ✇❡ ❤❛✈❡ λx
A (g (f x)) = g • f ∈ Fin!(A,B)✳
❇❡❢♦r❡ ✇❡ ❛❞❞r❡ss t❤❡ ♠❛✐♥ s✉❜❥❡❝t ♦❢ t❤❡ ♣❛♣❡r✱ s②st❡♠ T ✱ ❧❡t✬s ❥✉st r❡✈✐❡✇
s♦♠❡ ❡❛s② ❡①❛♠♣❧❡s ♦❢ ✉s✉❛❧ λ✲❝❛❧❝✉❧✐ ❝♦♥str✉❝t✐♦♥s t❤❛t ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ✐♥ Fin!✳
❋✐rst✱ ❜❡✐♥❣ ❛ ❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t❡❣♦r②✱ Fin! ✐s ❛❝t✉❛❧❧② ❛♥ ♠♦❞❡❧ ♦❢ ♣✉r❡ t②♣❡❞
λ✲❝❛❧❝✉❧✐ ✇✐t❤ ❡①t❡♥s✐♦♥❛❧✐t②✱ s✉r❥❡❝t✐✈❡ ♣❛✐r✐♥❣ ❛♥❞ t❡r♠✐♥❛❧ ♦❜❥❡❝t✿ ❚❤❡♦r❡♠ ✷
st✐❧❧ ❤♦❧❞s ✐❢ ✇❡ ❛❞❞ t❤❡ r❡❞✉❝t✐♦♥s λx (ux) >0 u✱ 〈pil s, pir s〉 >0 s ❛♥❞ v >0 〈〉 ❛s
s♦♦♥ ❛s x ✐s ♥♦t ❢r❡❡ ✐♥ u ❛♥❞ v ❤❛s t②♣❡ ⊤ ✭♥♦t✐❝❡✱ ❤♦✇❡✈❡r✱ t❤❛t ✐♥ t❤❛t ❝❛s❡
>0 ✐s ♥♦ ❧♦♥❣❡r ❝♦♥✢✉❡♥t ❬✺❪✮✳
❲❡ ❝❛♥ ❛❧s♦ ❡①t❡♥❞ t❤❡ ❧❛♥❣✉❛❣❡ ✇✐t❤ ♣❛rt✐❝✉❧❛r ❜❛s❡ t②♣❡s ❛♥❞ ❝♦♥st❛♥ts✳
❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❜❛s❡ t②♣❡ Bool t♦❣❡t❤❡r ✇✐t❤ ❝♦♥st❛♥ts T ❛♥❞
F ♦❢ t②♣❡ Bool✱ ❛♥❞ DA ♦❢ t②♣❡ Bool → A → A → A✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧
r❡❞✉❝t✐♦♥s D T s t > s ❛♥❞ D F s t > t ✭✇❡ ✇✐❧❧ ✐♥ ❣❡♥❡r❛❧ ♦♠✐t t❤❡ t②♣❡ s✉❜s❝r✐♣t
♦❢ s✉❝❤ ♣❛r❛♠❡t❡r❡❞ ❝♦♥st❛♥ts✱ ✇✐t❤ t❤❡ ♦❜✈✐♦✉s ❤②♣♦t❤❡s❡s ♦♥ t②♣❛❜✐❧✐t②✮ ❛♥❞
✜① ✐♥t❡r♣r❡t❛t✐♦♥s ❛s ❢♦❧❧♦✇s✿ ✇r✐t❡ B = 1 ⊕ 1 ❛♥❞ ✇r✐t❡ t❤❡ ♦♥❧② t✇♦ ❡❧❡♠❡♥ts
♦❢ |B| ❛s tt ❛♥❞ ff ❀ t❤❡♥ ❧❡t JBoolK = B✱ JTK = T = {tt}✱ JFK = F = {ff} ❛♥❞
JDAK = DJAK = {([tt] , [α] , [] , α); α ∈ JAK} ∪ {([ff ] , [] , [α] , α); α ∈ JAK}✳ ❚❤❛t
t❤❡s❡ ✐♥t❡r♣r❡t❛t✐♦♥s ❛r❡ ✜♥✐t❛r② s❤♦✉❧❞ ❜❡ ❝❧❡❛r✳ ❚❤❡♥ ♦♥❡ r❡t❛✐♥s t❤❛t Γ ⊢ s ≃
t : A ✐♠♣❧✐❡s JsKΓ = JtKΓ ✳
❙②st❡♠ T ✳ ❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s t♦ ❡st❛❜❧✐s❤ t❤❛t Fin!
♠♦❞❡❧s ●ö❞❡❧✬s s②st❡♠ T ✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ✈❛r✐♦✉s ✇❛②s✳ ❚❤❡ ✐t❡r❛t♦r
✈❡rs✐♦♥ ♦❢ s②st❡♠ T ✐s t❤❡ t②♣❡❞ λ✲❝❛❧❝✉❧✉s ✇✐t❤ ❛♥ ❛t♦♠✐❝ t②♣❡ Nat ♦❢ ♥❛t✉r❛❧
♥✉♠❜❡rs✱ ❛♥❞ ❝♦♥st❛♥ts O ♦❢ t②♣❡ Nat✱ S ♦❢ t②♣❡ Nat → Nat ❛♥❞ ❢♦r ❛❧❧ t②♣❡ A✱
IA ♦❢ t②♣❡ Nat → (A → A) → A → A ❛♥❞ s✉❜❥❡❝t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧
❝♦♥✈❡rs✐♦♥s✿ I (O)u v > v ❛♥❞ I (S t)u v > u (I t u v)✳ ❚❤❡ r❡❝✉rs♦r ✈❛r✐❛♥t ✐s
s✐♠✐❧❛r✱ ❜✉t t❤❡ ✐t❡r❛t♦r ✐s r❡♣❧❛❝❡❞ ✇✐t❤ RA ♦❢ t②♣❡ Nat → (Nat → A → A) →
A → A s✉❜❥❡❝t t♦ ❝♦♥✈❡rs✐♦♥s R (O)u v > v ❛♥❞ R (S t)u v > u t (R t u v)✳ ❨❡t
❛♥♦t❤❡r ♣♦ss✐❜❧❡ s②st❡♠ ✐s ♦❜t❛✐♥❡❞ ✇✐t❤ t❛✐❧ r❡❝✉rs✐✈❡ ✐t❡r❛t✐♦♥✿ t❛❦❡ JA ♦❢ t②♣❡
Nat → (A→ A) → A→ A ❛♥❞ ❧❡t J (S t)u v > J t u (u v)✳
❚❤♦s❡ s②st❡♠s ❛❧❧♦✇ t♦ r❡♣r❡s❡♥t ❡①❛❝t❧② t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥s ♦♥ t❤❡ s❡t ♦❢
♥❛t✉r❛❧ ♥✉♠❜❡rs✱ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r n ✐s ♦❜✈✐♦✉s❧② ❞❡♥♦t❡❞ ❜② Sn O✿ t❤✐s ✐s
t❤❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ ♥♦r♠❛❧✐③❛t✐♦♥ t❤❡♦r❡♠ ✭s❡❡ ❬✻❪✮✳ ◆♦t✐❝❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t✱
✇❤❡♥ ❛♣♣❧✐❡❞ t♦ ❛ ❝❛♥♦♥✐❝❛❧ ✐♥t❡❣❡r✱ I ❛♥❞ J ❝♦✐♥❝✐❞❡✿ I (Sn O)uv ≃ J (Sn O)uv ≃
un v❀ t❤✐s ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ❛❧❧ t❡r♠ ♦❢ t②♣❡ Nat✱ ❤♦✇❡✈❡r✳ ❆❧s♦✱ ✇❡ ❝❛♥ ❞❡✲
✜♥❡ ❛ r❡❝✉rs♦r ✉s✐♥❣ ✐t❡r❛t✐♦♥ ❛♥❞ ♣r♦❞✉❝ts ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❡♥❝♦❞✐♥❣ r❡❝ =
λxλy λz pil (Ix 〈z,O〉λw 〈y (pir w) (pil w),S (pir w)〉)✱ ❛♥❞ ✇❡ ❣❡t r❡❝ (S
n O)uv ≃
R (Sn O)uv✳ ❚❤❡ ✐❞❡❛ ✐s t♦ r❡❝♦♥str✉❝t t❤❡ ✐♥t❡❣❡r ❛r❣✉♠❡♥t ♦♥ t❤❡ ✢②✳ ❆❣❛✐♥✱
t❤✐s ❡♥❝♦❞✐♥❣ ✐s ✈❛❧✐❞ ♦♥❧② ❜② ✈❛❧✉❡s ❛♥❞ r❡❝ (S t)u v ≃ u t (r❡❝ t u v) ❤♦❧❞s ♦♥❧② ✐❢
✇❡ s✉♣♣♦s❡ t ✐s ♦❢ t❤❡ ❢♦r♠ Sn O ✭♥♦t✐❝❡ ✇❡ ❝♦✉❧❞ ❛s ✇❡❧❧ ✉s❡ J ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ r❡❝✮✳ ❖♥❧② t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ t❤❡ ✐t❡r❛t♦r ❜② ✐t❡r = λxλy λz (Rx (λx′ y) z) ✐s
❡①t❡♥s✐♦♥❛❧❧② ✈❛❧✐❞✿ ✐t❡rOu v ≃ v ❛♥❞ ✐t❡r (S t) u v ≃ u (✐t❡r t u v)✳
❚❤❡ ❢❛❝t t❤❛t ✐♥ ❣❡♥❡r❛❧ t❤❡ ❡♥❝♦❞✐♥❣ ♦❢ ♦♥❡ s②st❡♠ ✐♥t♦ t❤❡ ♦t❤❡r ❤♦❧❞s ♦♥❧②
♦♥ ✈❛❧✉❡s ✐♥❞✐❝❛t❡ t❤❛t t❤❡✐r r❡s♣❡❝t✐✈❡ ❛❧❣♦r✐t❤♠✐❝ ♣r♦♣❡rt✐❡s ♠❛② ❞✐✛❡r✳ ❆♥❞
t❤❡s❡ ❞✐✛❡r❡♥❝❡s ✇✐❧❧ ❛♣♣❡❛r ✐♥ t❤❡ s❡♠❛♥t✐❝s✳ ❘❡❝❛❧❧ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❞✐s❝✉ss✐♦♥
✐♥ ♦✉r ✐♥tr♦❞✉❝t✐♦♥✿ J ✉s❡s ✐ts ✐♥t❡❣❡r ❛r❣✉♠❡♥t ❧✐♥❡❛r❧②✳ ❚❤✐s ❡♥❛❜❧❡❞ ❊❤r❤❛r❞
t♦ ❞❡✜♥❡ ❛ s❡♠❛♥t✐❝s ♦❢ ✐t❡r❛t✐♦♥✱ ✇✐t❤ JNatK = N = (N,P❢ (N))✱ JOK = O =
{0} ❛♥❞ JSK = S! = {([n] , n+ 1); n ∈ N}✳ ❙✉❝❤ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♥❛t✉r❛❧
♥✉♠❜❡rs✱ ❤♦✇❡✈❡r✱ ❢❛✐❧s t♦ ♣r♦✈✐❞❡ ❛ s❡♠❛♥t✐❝s ♦❢ I ♦r R✳
▲❡♠♠❛ ✶✳ ❆ss✉♠❡ JNatK = N ✱ JOK = O ❛♥❞ JSK = S!✱ ❛♥❞ ❧❡t A ❜❡ ❛♥② t②♣❡
s✉❝❤ t❤❛t JAK 6= 0✳ ❚❤❡♥ t❤❡r❡ ✐s ♥♦ IA ∈ F (N ⇒ (JAK⇒ JAK)⇒ JAK⇒ JAK)
s✉❝❤ t❤❛t✱ s❡tt✐♥❣ JIAK = IA✱ ✇❡ ♦❜t❛✐♥ JI Ou vKΓ = JvKΓ ❛♥❞ JI (S t) u vKΓ =
Ju (I t u v)KΓ ❛s s♦♦♥ ❛s Γ ⊢ t : Nat✱ Γ ⊢ u : A→ A ❛♥❞ Γ ⊢ v : A✳
Pr♦♦❢ ❇② ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ❤♦❧❞✳ ❲❡ ❣❡t
JI (Sx) (λz′ y) zKx:Nat,y:A,z:A = JyKx:Nat,y:A,z:A = {([] , [α] , [] , α); α ∈ |JAK|} .
❖♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t✿
x[] : Nat, y[α] : A, z[] : A ⊢ I (Sx) (λz′ y) zα : A
✐✛ x[] : Nat, y[α] : A ⊢ I (Sx) (λz′ y)([],α) : A
✐✛ x[] : Nat ⊢ I (Sx)([([],α)],[],α) : A
✐✛ ⊢ I ([],[([],α)],[],α) : A (∗)
❛♥❞ t❤❡♥ ⊢ I O([([],α)],[],α) ❢♦r ❛❧❧ α ∈ |JAK|✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t✱ ❜② t❤❡
✜rst ❡q✉❛t✐♦♥✿
JI OK = Jλy λz (I O y z)K = Jλy λz zK = {([] , [α] , α); α ∈ |JAK|}
❜❡❝❛✉s❡ ✇❡ s✉♣♣♦s❡❞ |JAK| 6= ∅✳ 
❘❡♠❛r❦ ✸✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✭∗✮ ❤♦❧❞s ❜❡❝❛✉s❡ JSK = S! ✐s ❧✐♥❡❛r✱ ❤❡♥❝❡ str✐❝t✿
t❤✐s r❡✢❡❝ts t❤❡ ❣❡♥❡r❛❧ ❢❛❝t t❤❛t✱ ✐❢ s ∈ F (A⇒B) ❝♦♥t❛✐♥s ♥♦ ([] , β) t❤❡♥✱
❢♦r ❛❧❧ t ∈ F (B ⇒ C)✱ ([] , γ) ✐♥ t • s ✐✛ ([] , γ) ∈ t✳ ❙✉❝❤ ❛ ♣❤❡♥♦♠❡♥♦♥ ✇❛s
❛❧r❡❛❞② ♥♦t❡❞ ❜② ●✐r❛r❞ ✐♥ ❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ s②st❡♠ T ✐♥ ❝♦❤❡r❡♥❝❡ s♣❛❝❡s
❬✻❪✳ ❍✐s ❡✈✐❞❡♥❝❡ t❤❛t t❤❡r❡ ✇❛s ♥♦ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t✐♦♥ ♦♣❡r❛t♦r ✉s✐♥❣
t❤❡ ❧✐♥❡❛r s✉❝❝❡ss♦r r❡❧✐❡❞ ♦♥ ❛ ❝♦❤❡r❡♥❝❡ ❛r❣✉♠❡♥t✳ ❚❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✐s
str♦♥❣❡r✿ ♥♦t✐❝❡ t❤❛t t❤✐s ♠❛❦❡s ♥♦ ✉s❡ ♦❢ ❤②♣♦t❤❡s❡s ♦♥ ✜♥✐t❡♥❡ss str✉❝t✉r❡s❀
❤❡♥❝❡✱ ✐t ❤♦❧❞s ✐♥ t❤❡ r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧ ❛s ✇❡❧❧✱ ❛♥❞ ❛❝t✉❛❧❧② ❛♥② ✇❡❜ ❜❛s❡❞ ♠♦❞❡❧
♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✇❤❡r❡ ♣r♦♠♦t✐♦♥ ✐s ❞❡✜♥❡❞ s✐♠✐❧❛r❧②✱ ❛s s♦♦♥ ❛s t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥
♦❢ s✉❝❝❡ss♦r ✐s str✐❝t✳
▲❛③② ✐♥t❡❣❡rs✳ ■♥ s❤♦rt✱ str✐❝t ♠♦r♣❤✐s♠s ❝❛♥♥♦t ♣r♦❞✉❝❡ ❛♥②t❤✐♥❣ ❡① ♥✐❤✐❧♦❀
❜✉t t❤❡ s✉❝❝❡ss♦r ♦❢ ❛♥② ✐♥t❡❣❡r s❤♦✉❧❞ ❜❡ ♠❛r❦❡❞ ❛s ♥♦♥✲③❡r♦✱ ❢♦r t❤❡ ✐t❡r❛t♦r
t♦ ❞✐st✐❣✉✐s❤ ❜❡t✇❡❡♥ ❜♦t❤ ❝❛s❡s✳ ❍❡♥❝❡ t❤❡ s✉❝❝❡ss♦r s❤♦✉❧❞ ❜❡ ❛✣♥❡✿ s✐♠✐❧❛r❧②
t♦ ●✐r❛r❞✬s s♦❧✉t✐♦♥✱ ✇❡ ✇✐❧❧ ✐♥t❡r♣r❡t Nat ❜② s♦✲❝❛❧❧❡❞ ❧❛③② ♥❛t✉r❛❧ ♥✉♠❜❡rs✳
▲❡t Nl = (|Nl| ,P❢ (|Nl|)) ❜❡ s✉❝❤ t❤❛t |Nl| = N ∪ N
>✱ ✇❤❡r❡ N> ✐s ❥✉st ❛
❞✐s❥♦✐♥t ❝♦♣② ♦❢ N✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ N> ❛r❡ ❞❡♥♦t❡❞ ❜② k>✱ ❢♦r k ∈ N✿ n>
r❡♣r❡s❡♥ts ❛ ♣❛rt✐❛❧ ✐♥t❡❣❡r✱ ♥♦t ❢✉❧❧② ❞❡t❡r♠✐♥❡❞ ❜✉t str✐❝t❧② ❣r❡❛t❡r t❤❛♥ k✳ ■❢
ν ∈ |Nl|✱ ✇❡ ❞❡✜♥❡ ν
+ ❛s k + 1 ✐❢ ν = k ❛♥❞ (k + 1)> ✐❢ ν = k>✳ ❚❤❡♥ ✇❡
s❡t Sl = {([] , 0
>)} ∪ {([ν] , ν+)}✱ ✇❤✐❝❤ ✐s ❛✣♥❡✳ ◆♦t✐❝❡ t❤❛t O ∈ F (Nl) ❛♥❞
Sl ∈ F (Nl ⇒Nl)✳
❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡s❡ ❛❧❧♦✇ t♦ ♣r♦✈✐❞❡ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ r❡❝✉rs✐♦♥✱
❤❡♥❝❡ ✐t❡r❛t✐♦♥✱ ✐♥ s②st❡♠ T ✿ ❢♦r ❛❧❧ ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ t❤❡r❡ ❡①✐sts RA ∈
F (Nl ⇒ (Nl ⇒A⇒A)⇒A⇒A) s✉❝❤ t❤❛t✱ ✐♥ ΛFin✱
y : Nl ⇒A⇒A, z : Nl ⊢ RO y z ≃ z : A
❛♥❞
x : Nl, y : Nl ⇒A⇒A, z : Nl ⊢ R (Sl x) y z ≃ y x (Rx y z) : A.
✹ ❆ r❡❝✉rs✐♦♥ ♦♣❡r❛t♦r ✐♥ ✜♥✐t❡♥❡ss s♣❛❝❡s
❋♦r ❛❧❧ ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ ✇r✐t❡ RecOp [A] = Nl⇒ (Nl⇒A⇒A)⇒A⇒A✳ ❲❡
✇❛♥t t♦ ✐♥tr♦❞✉❝❡ ❛ r❡❝✉rs✐♦♥ ♦♣❡r❛t♦r RA ∈ F (RecOp [A]) ✐♥t✉✐t✐✈❡❧② s✉❜❥❡❝t
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿
R t u v = ♠❛t❝❤ t ✇✐t❤
{
O 7→ v
S t′ 7→ u t′ (R t′ u v)
.
❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s r❡❝✉rs✐✈❡✱ ❛♥❞ ❛ ♥❛t✉r❛❧ ♠❡❛♥s t♦ ♦❜t❛✐♥ s✉❝❤ ❛♥ ♦♣❡r❛t♦r ✐s
❛s t❤❡ ✜①♣♦✐♥t ♦❢✿
λXRecOp λxNl λyNl⇒A⇒A λzA
(
♠❛t❝❤ x ✇✐t❤
{
O 7→ z
Sx′ 7→ y x′ (X x′ y z)
)
. ✭✶✮
❋✐①♣♦✐♥ts✳ ❚❤❡ ❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t❡❣♦r② Rel! ✐s ❝♣♦✲❡♥r✐❝❤❡❞✱ t❤❡ ♦r❞❡r ♦♥ ♠♦r✲
♣❤✐s♠s ❜❡✐♥❣ ✐♥❝❧✉s✐♦♥✳ ❍❡♥❝❡ ✐t ❤❛s ✜①♣♦✐♥ts ❛t ❛❧❧ t②♣❡s✿ ❢♦r ❛❧❧ s❡t A ❛♥❞
f ∈ Rel!(A,A)✱ t❤❡ ❧❡❛st ✜①♣♦✐♥t ♦❢ f ✐s
⋃
k≥0 f
k ∅✱ ✇❤✐❝❤ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ✉♥✐♦♥✳
❚❤❡ ❧❡❛st ✜①♣♦✐♥t ♦♣❡r❛t♦r ✐s ✐ts❡❧❢ ❞❡✜♥❛❜❧❡ ❛s t❤❡ s✉♣r❡♠✉♠ ♦❢ ✜♥✐t❛r② ❛♣✲
♣r♦①✐♠❛♥ts✱ FixA =
⋃
k≥0 Fix
(k)
A ✱ ✇❤❡r❡✿
Fix
(0)
A = ∅
Fix
(k+1)
A = λf
(
f
(
Fix
(k)
A f
))
=
{(
[([α1, . . . , αn] , α)] +
n∑
i=1
ϕi, α
)
; ∀i, (ϕi, αi) ∈ Fix
(k)
A
}
.
◆♦t✐❝❡ ✐♥❞❡❡❞ t❤❛t ✐❢ A ✐s ❛ ✜♥✐t❡♥❡ss s♣❛❝❡ t❤❡♥✱ ❢♦r ❛❧❧ k✱ Fix
(k)
A = Fix
(k)
|A| ∈
F ((A⇒A)⇒A)✳ ❚❤❡ ✜①♣♦✐♥t✱ ❤♦✇❡✈❡r✱ ✐s ♥♦t ✜♥✐t❛r② ✐♥ ❣❡♥❡r❛❧✿ ♦♥❡ ❝❛♥ ❝❤❡❝❦
❢♦r ✐♥st❛♥❝❡ t❤❛t FixNl Sl = N
> 6∈ F (Nl) ❤❡♥❝❡ FixNl 6∈ F ((Nl ⇒Nl)⇒Nl)✳
❙♦ ♦✉r ❞❡✜♥✐t✐♦♥ ♦❢ ❛ r❡❝✉rs♦r ♦♣❡r❛t♦r ✐s ✐♥ t✇♦ st❡♣s✿ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡
✜♥✐t❛r② ❛♣♣r♦①✐♠❛♥ts R
(k)
A ∈ F (RecOp [A]) ❜② R
(k)
A = Step
k
A ∅✱ ✇❤❡r❡ Step ∈
F (RecOp [A]⇒RecOp [A]) ✐s ❞❡✜♥❡❞ ❛s ✐♥ ❢♦r♠✉❧❛ ✭✶✮❀ t❤❡♥ ✇❡ ♣r♦✈❡ RA =⋃
k≥0R
(k)
A ∈ F (RecOp [A])✳
P❛tt❡r♥ ♠❛t❝❤✐♥❣ ♦♥ ❧❛③② ✐♥t❡❣❡rs✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ✜♥✐t❛r② ♦♣❡r❛t♦r Case✱ ✐♥t✉✲
✐t✐✈❡❧② ❞❡✜♥❡❞ ❛s✿
Case t u v = ♠❛t❝❤ t ✇✐t❤
{
O 7→ v
S t′ 7→ u t′
.
▼♦r❡ ❢♦r♠❛❧❧②✿
❉❡✜♥✐t✐♦♥ ✶✳ ■❢ ν = [ν1, . . . , νk] ∈ M✜♥ (|Nl|)✱ ✇❡ ✇r✐t❡ ν
+ =
[
ν+1 , . . . , ν
+
n
]
✳
❚❤❡♥ ❢♦r ❛❧❧ ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ ✇❡ ❧❡t CaseA = {([0] , [] , [α] , α); α ∈ |A|} ∪{
([0>] + ν+, [(ν, α)] , [] , α); ν ∈M✜♥ (|Nl|) ∧ α ∈ |A|
}
✳
▲❡♠♠❛ ✷✳ ❚❤❡ r❡❧❛t✐♦♥ Case ✐s ✜♥✐t❛r②✿ CaseA ∈ F (Nl ⇒ (Nl ⇒A)⇒A⇒A)✳
▼♦r❡♦✈❡r✱ y : Nl ⇒A, z : A ⊢ CaseO y z ≃ z : A ❛♥❞ x : Nl, y : Nl ⇒A, z : A ⊢
Case (Sl x) y z ≃ y x : A✳
Pr♦♦❢ ❚❤❛t t❤❡ ❡q✉❛t✐♦♥s ❤♦❧❞ ✐s ❛ r♦✉t✐♥❡ ❡①❡r❝✐s❡✳ ❲❡ ✉s❡ ❘❡♠❛r❦ ✶ t♦
♣r♦✈❡ Case ✐s ✜♥✐t❛r②✳ ❋♦r ❛❧❧ n ∈ F (N )✱
CaseA n ⊆ {([] , [α] , α); α ∈ |A|} ∪
{
([(ν, α)] , [] , α); ν ∈ n! ∧ α ∈ |A|
}
⊆
(
λyNl⇒A λzA z
)
∪
(
λyNl⇒A λzA (y n)
)
❛♥❞ t❤❡ ✉♥✐♦♥ ♦❢ t✇♦ ✜♥✐t❛r② s✉❜s❡ts ✐s ✜♥✐t❛r②✳ ■♥ t❤❡ r❡✈❡rs❡ ❞✐r❡❝t✐♦♥✱ ✇❡
❛r❡ ❧❡❢t t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛❧❧ (ϕ, α, α) ∈ |(Nl ⇒A)⇒A⇒A|✱ s❡tt✐♥❣ N
′ =
Case⊥A · {(ϕ, α, α)}✱ n
!∩N ′ ✐s ✜♥✐t❡❀ t❤✐s ✐s ✐♠♠❡❞✐❛t❡ ❜❡❝❛✉s❡ N ′ ✐s ✜♥✐t❡ ✭✐t ❤❛s
❛t ♠♦st ♦♥❡ ❡❧❡♠❡♥t✮✳ 
❆ r❡❝✉rs♦r ✐♥ Rel!✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ r❡❝✉rs♦r ❛s t❤❡
✜①♣♦✐♥t ♦❢ t❤❡ ♦♣❡r❛t♦r ✭✶✮✳
❉❡✜♥✐t✐♦♥ ✷✳ ❋♦r ❛❧❧ ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ ✇❡ ❞❡✜♥❡
StepA = λX
RecOp[A] λxNl λyNl⇒A⇒A λzA
(
CaseA x
(
λx′A (y x′ (X x′ y z))
)
z
)
∈ F (RecOp [A]⇒RecOp [A])
❛♥❞✱ ❢♦r ❛❧❧ k ∈ N✱ R
(k)
A = Step
k
A ∅ ∈ F (RecOp [A])✳
▲❡♠♠❛ ✸✳ ❚❤❡ r❡❧❛t✐♦♥s R
(k)
A ❛r❡ ❣✐✈❡♥ ❜②✿ R
(0)
A = ∅ ❛♥❞
R
(k+1)
A = {([0] , [] , [α] , α); α ∈ |A|}∪{(
[0>] +
∑n
i=0 ν
+
i , [(ν0, [α1, . . . , αn] , α)] +
∑n
i=1 ϕi,
∑n
i=1 αi, α
)
;
∀i, (νi, ϕi, αi, αi) ∈ R
(k)
A
}
.
Pr♦♦❢ ❘♦✉t✐♥❡ ❡①❡r❝✐s❡✳ 
❉❡✜♥✐t✐♦♥ ✸✳ ❲❡ s❡t RA =
⋃
k≥0R
(k)
A ∈ |RecOp [A]|✳
❆t t❤❛t ♣♦✐♥t✱ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ ❛ r❡❝✉rs♦r ✐♥ Rel!✿
❚❤❡♦r❡♠ ✸ ✭❈♦rr❡❝t♥❡ss ♦❢ t❤❡ r❡❝✉rs✐♦♥ ♦♣❡r❛t♦r✮✳ ■❢✱ ❢♦❧❧♦✇✐♥❣ ❘❡♠❛r❦
✷✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ r❡❧❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ t②♣❡❞ λ✲❝❛❧❝✉❧✐✱ t❤❡♥ ✐♥ t❤❡ ✐♥t❡r♥❛❧
❧❛♥❣✉❛❣❡ ΛRel ♦❢ Rel!✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡rs✐♦♥s ❤♦❧❞✿
y : |Nl| → A→ A, z : A ⊢ RO y z ≃ z : A
❛♥❞
x : |Nl| , y : |Nl| → A→ A, z : A ⊢ R (Sl x) y z ≃ y x (Rx y z) : A.
Pr♦♦❢ ❚❤✐s ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✷ ❛♥❞ t❤❡ ❢❛❝t t❤❛t R = StepR✿
RO y z ≃ StepRO y z ≃ CaseO (λx′ (y x′ (Rx′ y z))) z ≃ z
❛♥❞
R (Sl x) y z ≃ StepR (Sl x) y z
≃ Case (Sl x) (λx
′ (y x′ (Rx′ y z))) z
≃ λx′ (y x′ (Rx′ y z))x
≃ y x (Rx y z).

❋✐♥✐t❡♥❡ss✳ ■t ♦♥❧② r❡♠❛✐♥s t♦ ♣r♦✈❡ R ✐s ✜♥✐t❛r②✳
❉❡✜♥✐t✐♦♥ ✹✳ ■❢ n ∈ F (Nl)✱ ✇❡ s❡t max (n) = max {k; k ∈ n ∨ k
> ∈ n}✱ ✇✐t❤
t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t max (∅) = 0❀ t❤❡♥ ✐❢ ν ∈ |!Nl| ✇❡ s❡t max (ν) = max (Supp(ν))
❛♥❞ ✐❢ n ∈ F (!Nl)✱ max (n) = max
(⋃
ν∈n Supp(ν)
)
✳
▲❡♠♠❛ ✹✳ ❋♦r ❛❧❧ γ = (ν, ϕ, α, α) ∈ RA✱ γ ∈ R
(max(ν)+1)
A ✳
Pr♦♦❢ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ max (ν)✱ ✉s✐♥❣ ▲❡♠♠❛ ✸✳ 
▲❡♠♠❛ ✺✳ ■❢ n ∈ F (Nl)✱ t❤❡♥ RA n ∈ F ((Nl ⇒A⇒A)⇒A⇒A)✳
Pr♦♦❢ ❚❤❡ ♣r❡✈✐♦✉s ▲❡♠♠❛ ❡♥t❛✐❧s RA n = R
(max(n)+1)
A n✳ ❲❡ ❝♦♥❝❧✉❞❡ r❡✲
❝❛❧❧✐♥❣ t❤❛t R
(max(n)+1)
A n ∈ F ((Nl ⇒A⇒A)⇒A⇒A)✳ 
❉❡✜♥✐t✐♦♥ ✺✳ ❋♦r ❛❧❧ α = [α1, . . . , αk] ∈ |!A|✱ ✇❡ ✇r✐t❡ # (α) = k ❢♦r ✐ts s✐③❡✳
❋♦r ❛❧❧ ϕ = [(ν1, α1, α1), . . . , (νk, αk, αk)] ∈ |Nl ⇒A⇒A|✱ ✇❡ s❡t ## (ϕ) =∑k
j=1 # (νj)✳
▲❡♠♠❛ ✻✳ ■❢ (ν, ϕ, α, α) ∈ RA✱ t❤❡♥ # (ν) = # (α) + # (ϕ) + ## (ϕ)✳
Pr♦♦❢ ❯s✐♥❣ ▲❡♠♠❛ ✸✱ t❤❡ r❡s✉❧t ✐s ♣r♦✈❡❞ ❢♦r (ν, ϕ, α, α) ∈ R
(k)
A ✱ ❜② ✐♥❞✉❝✲
t✐♦♥ ♦♥ k✳ 
❚❤❡♦r❡♠ ✹ ✭❚❤❡ r❡❝✉rs✐♦♥ ♦♣❡r❛t♦r ✐s ✜♥✐t❛r②✮✳ RA ∈ F (RecOp [A])✳
Pr♦♦❢ ❇② ❘❡♠❛r❦ ✶ ❛♥❞ ▲❡♠♠❛ ✺✱ ✇❡ ❛r❡ ❧❡❢t t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛❧❧ n ∈ F (Nl)
❛♥❞ ❛❧❧ γ ∈ |(Nl ⇒A⇒A)⇒A⇒A|✱ N = n
! ∩
(
R⊥A · {γ}
)
✐s ✜♥✐t❡✳ ❇✉t ❜②
▲❡♠♠❛ ✻✱
N ⊆ {ν ∈ |!Nl| ; # (ν) = # (α) + # (ϕ) + ## (ϕ) ∧max (ν) ≤ max (n)}
✇❤✐❝❤ ✐s ✜♥✐t❡✳ 
❘❡♠❛r❦ ✹✳ ❲❡ ❦❡❡♣ ❝❛❧❧✐♥❣R ✏t❤❡✑ r❡❝✉rs✐♦♥ ♦♣❡r❛t♦r✱ ❜✉t ♥♦t✐❝❡ s✉❝❤ ❛♥ ♦♣❡r❛✲
t♦r ✐s ♥♦t ✉♥✐q✉❡ ✐♥ Rel! ♦r Fin!✳ ❈♦♥s✐❞❡r Case
′
A = {([0, 0] , [] , [α] , α); α ∈ |A|}∪{
([0>] + ν+, [(ν, α)] , [] , α); ν ∈M✜♥ (|Nl|) ∧ α ∈ |A|
}
✳ ❚❤✐s ✈❛r✐❛♥t ♦❢ ♠❛t❝❤✐♥❣
♦♣❡r❛t♦r ❜❡❤❛✈❡s ❡①❛❝t❧② ❧✐❦❡ Case✱ ❛♥❞ ♦♥❡ ❝❛♥ r❡♣r♦❞✉❝❡ ♦✉r ❝♦♥str✉❝t✐♦♥ ♦❢
t❤❡ r❡❝✉rs♦r ❜❛s❡❞ ♦♥ t❤❛t✳
✺ ❆❜♦✉t ✐t❡r❛t✐♦♥
❲❡ ❤❛✈❡ ❥✉st ♣r♦✈✐❞❡❞ ❛ s❡♠❛♥t✐❝s ♦❢ t❤❡ r❡❝✉rs♦r ✈❛r✐❛♥t ♦❢ s②st❡♠ T ✐♥ ✜♥✐t❡✲
♥❡ss s♣❛❝❡s✳ ❋r♦♠ t❤✐s✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ✐t❡r❛t✐♦♥
♦♣❡r❛t♦r✿
❉❡✜♥✐t✐♦♥ ✻✳ ❋♦r ❛❧❧ ✜♥✐t❡♥❡ss s♣❛❝❡ A✱ ✇❡ ✇r✐t❡ ItOp [A] = Nl⇒ (A⇒A)⇒
A⇒A✱ ❛♥❞ s❡t IA = λx
Nl λyA⇒A λzA
(
RA x
(
λx′Nl y
)
z
)
∈ F (ItOp [A])✳
❇② ❚❤❡♦r❡♠ ✸ t❤✐s ❞❡✜♥❡s ❛♥ ✐♥t❡r♥❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛♥ ✐t❡r❛t✐♦♥ ♦♣❡r❛t♦r✱
❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ tr✐♣❧❡ (Nl,O,Sl) ✐s ❛ ✇❡❛❦ ♥❛t✉r❛❧ ♥✉♠❜❡r ♦❜❥❡❝t ✐♥ t❤❡
❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t❡❣♦r② Fin! ❬✹✱✺❪✿
▲❡♠♠❛ ✼✳ ❋♦r ❛❧❧ f ∈ Fin!(A,A)✱ ❢♦r ❛❧❧ a ∈ F (A)✱ t❤❡r❡ ✐s h ∈ Fin!(Nl,A)
s✉❝❤ t❤❛t hO = a ❛♥❞ h • Sl = f • h✳
Pr♦♦❢ ❚❛❦❡ h = λxNl (IA x f a)✳ 
❲❡ ❝♦✉❧❞ ❛❧s♦ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ I ❜② ❛ ❝♦♥str✉❝t✐♦♥ s✐♠✐❧❛r t♦ t❤❛t ♦❢ R✿
❉❡✜♥✐t✐♦♥ ✼✳ ▲❡t
ItStepA = λX
ItOp[A] λxNl λyA⇒A λzA
(
CaseA x
(
λx′A (y (X x′ y z))
)
z
)
∈ F (ItOp [A]⇒ItOp [A])
❛♥❞✱ ❢♦r ❛❧❧ k ∈ N✱ I
(k)
A = ItStep
k
A ∅ ∈ F (ItOp [A])✳
▲❡♠♠❛ ✽✳ ❚❤❡ r❡❧❛t✐♦♥s I
(k)
A ❛r❡ ❣✐✈❡♥ ❜②✿ I
(0)
A = ∅ ❛♥❞
I
(k+1)
A = {([0] , [] , [α] , α); α ∈ |A|}∪{(
[0>] +
∑n
i=1 ν
+
i , [([α1, . . . , αn] , α)] +
∑n
i=1 ϕi,
∑n
i=1 αi, α
)
;
∀i, (νi, ϕi, αi, αi) ∈ I
(k)
A
}
.
Pr♦♦❢ ❆❣❛✐♥✱ r♦✉t✐♥❡ ❡①❡r❝✐s❡✳ 
▲❡♠♠❛ ✾✳ ❲❡ ❤❛✈❡
⋃
k≥0 I
(k)
A = IA✳
Pr♦♦❢ ❈❤❡❝❦ t❤❛t✱ ❢♦r ❛❧❧ k✱ I
(k)
A = λx
Nl λyA⇒A λzA
(
R
(k)
A x
(
λx′Nl y
)
z
)
✳ 
❆ ✉♥✐❢♦r♠✐t② ♣r♦♣❡rt② ♦❢ ✐t❡r❛t✐♦♥✳ ❲❡ ❝❛♥ ♥♦✇ ❞❡♠♦♥str❛t❡ ❤♦✇ t❤❡ ❝♦♥❝❡♣t
♦❢ r❡❝✉rs✐♦♥ ✐s r✐❝❤❡r t❤❛♥ t❤❛t ♦❢ ✐t❡r❛t✐♦♥ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ t❤❡ ✜♥✐t❡♥❡ss s♣❛❝❡
s❡♠❛♥t✐❝s✱ ♦r t❤❡ r❡❧❛t✐♦♥❛❧ ♦♥❡ ❢♦r t❤❛t ♠❛tt❡r✳ ■♥❞❡❡❞✱ ♦♥❡ ❞✐st✐❝t✐✈❡ ❢❡❛t✉r❡ ♦❢
t❤❡ ♠♦❞❡❧ ✐s t❤❛t ✐t ✐s ♥♦♥✲✉♥✐❢♦r♠✳ ■♥❞❡❡❞✱ ✐❢ a, a′ ∈ F (A) t❤❡♥ a ∪ a′ ∈ F (A)❀
❛♥❞ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ a! ∈ !A✱ t❤❡r❡ ✐s ♥♦ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡
♠✉❧t✐s❡ts ✇❡ ❝♦♥s✐❞❡r✿ a! = M✜♥ (a)✳ ❚❤✐s ✐s ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ s❡tt✐♥❣ ♦❢
❝♦❤❡r❡♥❝❡ s♣❛❝❡s ❢♦r ✐♥st❛♥❝❡✳ ❇✉t t❤❡ ✐t❡r❛t♦r ♦♥❧② ❝♦♥s✐❞❡rs ✉♥✐❢♦r♠ s❡ts ♦❢
✐♥t❡❣❡rs✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿
❉❡✜♥✐t✐♦♥ ✽✳ ■❢ k ∈ N✱ ✇❡ ❞❡✜♥❡ k = Skl O = {l
>; l < k} ∪ {k} ∈ F (Nl)✳ ❲❡
s❛② n ∈ F (Nl) ✐s ✉♥✐❢♦r♠ ✐❢ n ⊆ k ❢♦r s♦♠❡ k✳
◆♦t✐❝❡ t❤❛t✱ ✐♥ t❤❡ ❝♦❤❡r❡♥❝❡ s♣❛❝❡ ♦❢ ❧❛③② ♥❛t✉r❛❧ ♥✉♠❜❡rs ✉s❡❞ ❜② ●✐r❛r❞ ✐♥
❬✻❪ t♦ ✐♥t❡r♣r❡t s②st❡♠ T ✱ t❤❡ s❡ts k ❛r❡ t❤❡ ✜♥✐t❡ ♠❛①✐♠❛❧ ❝❧✐q✉❡s✳ ❈♦❤❡r❡♥❝❡ ✐s
✐♥❞❡❡❞ ❣✐✈❡♥ ❜②✿ k ¨ l ✐✛ k = l✱ k ¨ l> ✐✛ k > l ❛♥❞ k> ¨ l> ❢♦r ❛❧❧ k, l✳ ❚❤❡r❡
✐s ❛❧s♦ ❛♥ ✐♥✜♥✐t❡ ♠❛①✐♠❛❧ ❝❧✐q✉❡✱ ✇❤✐❝❤ ✐s ❥✉st N> ✭r❡❝❛❧❧ t❤✐s ✇❛s t❤❡ ✜①♣♦✐♥t
♦❢ Sl✮✳ ❲❡ ♣r♦✈❡ I ❝♦♥s✐❞❡rs ♦♥❧② ✉♥✐❢♦r♠ ✐♥t❡❣❡rs✳
❉❡✜♥✐t✐♦♥ ✾✳ ▲❡t ❜❡ ❣✐✈❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ✐♥ F (ItOp [A])✿ Stage
(0)
A =
{([0] , [] , [α] , α); α ∈ |A|}❀ Stage
(1)
A = {([0
>] , [([] , α)] , [] , α) ; α ∈ |A|}❀ ❛♥❞✱ ❢♦r
❛❧❧ k > 0✱ Stage
(k+1)
A = I
(k+1)
A \ I
(k)
A ✳
❈❤❡❝❦ t❤❛t Stage
(0)
A ∪ Stage
(1)
A = I
(1)
A ✱ ❤❡♥❝❡ IA =
⋃
k≥0 Stage
(k)
A ✳
▲❡♠♠❛ ✶✵✳ ❙✉♣♣♦s❡ A 6= 0✳ ❚❤❡♥✱ ❢♦r ❛❧❧ k ∈ N✱⋃{
Supp(ν); ∃(ϕ, α, α), (ν, ϕ, α, α) ∈ Stage
(k)
A
}
= k.
Pr♦♦❢ ❚❤❛t ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ❛r❡ ✐♥ k ✐s ❡❛s② ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✱ ✉s✐♥❣ ▲❡♠♠❛
✽✳ ❚♦ ♣r♦✈❡ t❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥✱ ❝♦♥s✐❞❡r λxN λzA
(
IA x
(
λz′A z′
)
z
)
✳ 
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢♦r ❛❧❧ (ν, ϕ, α, α) ∈ I✱ Supp(ν) ✐s ✉♥✐❢♦r♠✳ ❖❢ ❝♦✉rs❡✱ ♥♦
s✉❝❤ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r R✱ ❜❡❝❛✉s❡
R
(1)
A ⊇
{([
0>
]
+ ν+, [(ν, [] , α)] , [] , α
)
; α ∈ |A| ∧ ν ∈M✜♥ (|Nl|)
}
.
❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t ♥♦ r❡❝✉rs♦r ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ I✳
❆❦♥♦✇❧❡❞❣❡♠❡♥ts
❚❤❡ ♣r❡s❡♥t ✇♦r❦ st❡♠s ❢r♦♠ ❛ ❞✐s❝✉ss✐♦♥ ✇✐t❤ ❚❤♦♠❛s ❊❤r❤❛r❞✳ ■t ❛❧s♦ ❣r❡❛t❧②
❜❡♥❡✜t❡❞ ❢r♦♠ ♠❛♥② ✇♦r❦✐♥❣ s❡ss✐♦♥s ✐♥ t❤❡ ❝♦♠♣❛♥② ♦❢ ❈❤r✐st✐♥❡ ❚❛ss♦♥✱ t♦
✇❤♦♠ ■ ❛♠ ♠♦st ❣r❛t❡❢✉❧✳
❘❡❢❡r❡♥❝❡s
✶✳ ❊❤r❤❛r❞✱ ❚✳✿ ❋✐♥✐t❡♥❡ss s♣❛❝❡s✳ ▼❛t❤❡♠❛t✐❝❛❧✳ ❙tr✉❝t✉r❡s ✐♥ ❈♦♠♣✳ ❙❝✐✳ ✶✺✭✹✮
✭✷✵✵✺✮ ✻✶✺✕✻✹✻
✷✳ ❊❤r❤❛r❞✱ ❚✳✱ ❘❡❣♥✐❡r✱ ▲✳✿ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ❧❛♠❜❞❛✲❝❛❧❝✉❧✉s✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r
❙❝✐❡♥❝❡ ✸✵✾ ✭✷✵✵✸✮ ✶✕✹✶
✸✳ ❊❤r❤❛r❞✱ ❚✳✱ ❘❡❣♥✐❡r✱ ▲✳✿ ❉✐✛❡r❡♥t✐❛❧ ✐♥t❡r❛❝t✐♦♥ ♥❡ts✳ ❊❧❡❝tr✳ ◆♦t❡s ❚❤❡♦r✳ ❈♦♠♣✉t✳
❙❝✐✳ ✶✷✸ ✭✷✵✵✺✮ ✸✺✕✼✹
✹✳ ❚❤✐❜❛✉❧t✱ ▼✳❋✳✿ Pr❡✲r❡❝✉rs✐✈❡ ❝❛t❡❣♦r✐❡s✳ ❏♦✉r♥❛❧ ♦❢ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ❆❧❣❡❜r❛ ✷✹
✭✶✾✽✷✮ ✼✾✕✾✸
✺✳ ▲❛♠❜❡❦✱ ❏✳✱ ❙❝♦tt✱ P✳❏✳✿ ■♥tr♦❞✉❝t✐♦♥ t♦ ❤✐❣❤❡r ♦r❞❡r ❝❛t❡❣♦r✐❝❛❧ ❧♦❣✐❝✳ ❈❛♠❜r✐❞❣❡
❯♥✐✈❡rs✐t② Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆ ✭✶✾✽✽✮
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